The first author, in 2001, presented a structure for the Baerinvariant of a nilpotent product of cyclic groups with respect to the variety of nilpotent groups. In this paper, using the above structure, we prove the existence of an N c -covering group for a nilpotent product of a family of cyclic groups. We also present a structure for the N c -covering group. 1 1
To find an introduction and preliminaries, we refer the reader to see [2, 3] and [4] . The following notations are used throughout the paper.
Let {A i |i ∈ I} be a family of groups where I considered as an ordered set. For each i ∈ I, L i denotes a fixed N c -covering group for A i (if any) such that the sequence 1 → M i → L i ν i → A i → 1 is exact and
where M i is a normal subgroup of L i , Z c (L i ) and γ c+1 (L i ) are the cth terms of the upper and the lower central series of L i , respectively, and N c M(A i ) is the Baer-invariant of A i with respect to the variety of nilpotent groups of class at most c, N c . Assume that A = * i∈I A i and L = * i∈I L i are free products of A i 's and L i 's, respectively. We denote by ν the natural homomorphism from L onto A induced by the ν i 's. Also, the group n * i∈I A i will be assumed to be the nth nilpotent product of A i 's. If ψ n is the natural homomorphism from A onto G n induced by the identity map on each
then we denote by H n the kernel of ψ n and P n the inverse image of H n in L un-
. Now, by a similar proof of Lemma 3.1 of [3] we have
By rewriting the proof of the main result of section 3 of [3] and noticing
when L i is a free group and also paying attention to this fact that being free for F i 's is not necessary in the proof, we can state the following vital lemma.
Lemma B
By the above notation and assumption, (i) If n < c, then
.
(ii) If n ≥ c, then
From now on, we assume that each A i is cyclic, therefore its Baer-invariant is trivial i.e M i = 1 for all i ∈ I. Thus, we have P n = J n , D c = E c = 1.
, we define
and
Now, we are in a position to state and prove the main result of this paper.
Theorem
Let G n = n * i∈I A i be the nth nilpotent product of cyclic groups A i 's. Then by the above notation and assumption, we have (i) If n ≥ c, then the following exact sequence is an N c -stem cover for G n
In other words, S n is an N c -covering group for G n .
(ii) If n < c, then G n is the only N c -covering group of itself when N c M(G n ) = 1, otherwise, G n has no N c -covering group.
So the sequence 1 → P n → S n → G n → 1 is exact. Since P n = J n , we have
(since P n = J n and n ≥ c).
By Lemma 3.4 of [3], we have
(By Lemma B and D c = E c )
By definition of the nth nilpotent product
Since A i 's are cyclic, it is easy to see that
Therefore G n is a nilpotent group of class n. Hence, by Theorem 2.1 of [4] ,
Note that the above theorem is a generalization of a result of Haebich [1,
Corollary
For any natural number n, there exists a nilpotent group G n of class n such that its Baer-invariant with respect to the variety N c is not trivial and has at least one N c -covering group for all c ≤ n.
Proof. Let {A i |i ∈ I} be a family of infinite cyclic groups and card(I) = m.
Then clearly the free product i∈I * A i is a free group of rank m and the nth nilpotent product n * i∈I A i = F/γ n+1 (F ) is a free nilpotent group of class n. By definition, for any c ≤ n we have
Hence N c M(G n ) is a free abelian group of rank n+c i=n+1 α i where α i is the number of basic commutators of weight i on m letters. Now, by the previous theorem part (i) G n has at least one N c -covering group. 2
Note that for any c > n, G n is a nilpotent group of class n such that its Baer-invariant, N c M(G n ) = γ c+1 (F )/γ n+c+1 (F ), is a free abelian group of rank n+c i=c+1 α i and hence by the main theorem part (ii), has no N c -covering group.
Remark
The above corollary gives a partial answer to the question that arose in [4] about the existence of N c -covering group for nilpotent groups of class n, when c ≤ n.
